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l .  INTRODUCTION 
Tiling problems for the euclidean space or other spaces have a long 
history. While the theory of plane tilings has been systematically studied in 
recent years [13], relatively little is known about tilings in 3 or higher 
dimensions, let alone tilings with non-spherical tiles. In this note we 
describe constructions of symmetric tilings in spherical, euclidean or 
hyperbolic 3-space by polyhedral handlebodies of genus at least 1. These 
tilings J -  are intimately related to certain spherical, euclidean or hyper- 
bolic regular skew polyhedra ~ whose "holes" are in one-to-one corre- 
spondence with the holes of the tiles in Y [2]. The symmetry groups S (Y )  
of 57- and S(~/)  of d" are the same and act transitively on the tiles of 2-. 
2. TILINGS 
For notation we refer the reader to [12, 13, 16]. A tiling 3- of real 
3-space R 3 is a countable family of closed subsets T of R 3, the tiles of •, 
which cover R 3 without gaps and overlaps; that is, the union of all tiles of 
3- is R 3, and any two distinct tiles do not have interior points in common. 
To avoid pathological situations, all tilings J are taken to be locally finite; 
that is, each point in R 3 has a neighborhood meeting only finitely many 
tiles. In the literature it is usually assumed that the tiles of a tiling are 
closed topological 3-balls or even convex or topological 3-polytopes. (Re- 
call that a topological polytope is the homeomorphic image of a convex 
polytope.) 
In this paper we allow the tiles T of a tiling 3- of R 3 to be handlebodies 
of some genus g (possibly g = 0). We require that the boundary OT of a 
tile T is equipped with a map (2-dimensional cell-complex) in the sense of 
[4, Chap. 8]. Then a tile T has the structure of a 3-dimensional face 
complex, with (improper) faces 0 and T of dimensions -1  and 3, and 
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with (proper) faces of dimensions 0, 1, and 2 given by the vertices, edges, 
and 2-faces of the map on its boundary. This face complex is again 
denoted by T and the boundary map on OT is called the boundary complex 
of T. Note that the face complex of T need not be a lattice, but in most 
cases it will be. 
A tiling 3- of R 3 by handlebodies i face-to-face if the intersection of 
any two tiles is a face of each tile, possibly the empty face. Each 
face-to-face tiling ~ itself has a natural structure of a face complex in 
which the 3-faces correspond to the tiles of 3-. In particular, the vertices, 
edges, and 2-faces of 3- are the vertices, edges, and 2-faces of the tiles of 
3-. We shall also use this notation if a tiling is only weakly face-to-face, 
in the sense that the intersection of any two tiles is the union of faces of 
each tile. 
In discussing filings we shall usually take R 3 in the form of euclidean 
3-space E 3 or hyperbolic 3-space H 3. We shall also consider tilings in 
spherical 3-space S 3 and use similar terminology as for E 3 or H 3. If the 
structure of a space is not to be specified, it is simply denoted by E. 
A handlebody T embedded into E (without self-intersections) i  called 
polyhedral if each of its 2-faces F on OT is a (convex or non-convex) 
planar polygonal disc such that the vertices and the edges of F correspond 
to the vertices and sides of the polygon. Here the terms "planar" and 
"polygon" are meant with respect o the structure of E: affine, spherical, 
euclidean, or hyperbolic, respectively. Note that we allow that adjacent 
polygonal 2-faces of a polyhedral handlebody are coplanar, though in 
many examples this will not occur. A tiling 3- is called polyhedral if its 
tiles are polyhedral handlebodies. Examples of polyhedral tilings of S 3 and 
E 3 by toroids can be found in [1, 5, 7]. 
The boundary complex of a handlebody is a finite map on a closed 
compact orientable surface. We shall also be interested in infinite maps ~," 
on closed non-compact orientable surfaces S and polyhedral realizations 
of ~', with "polyhedral" defined as before. By a polyhedron in E we 
mean a polyhedral realization of either a finite or infinite map /Z/ on a 
closed orientable surface, and denote it again by ~'. Examples are the 
regular skew polyhedra in the next section. 
3. REGULAR SKEW POLYHEDRA 
For a detailed discussion on regular skew polyhedra the reader is 
referred to [2, 11, 14]. In discussing finite regular skew polyhedra Jd in 
euclidean 4-space E 4 we shall assume that M¢ is actually realized as a 
polyhedron in spherical 3-space S 3. 
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Let Me be a (finite or infinite) polyhedron embedded into E (= S 3, E 3 
or H3). By the vertex-figure of Me at a vertex x of Me we mean the polygon 
whose vertices are the vertices of Me adjacent o x and whose edges join 
consecutive vertices as one goes around x. Then Me is called regular if its 
2-faces and vertex-figures are regular polygons in E. If the vertex-figures 
are plane polygons, then Me is an ordinary regular polyhedron (or tessella- 
tion). If the vertex-figures are skew polygons, we call Me a regular skew 
polyhedron. 
Let Me be a regular polyhedron in E with p-gonal 2-faces and q-gonal 
vertex-figures. Then the symmetry group S(Me) of Me is flag-transitive and 
is generated by three involutions Po, Pa, P2 satisfying the relations 
pg = p2 = p2 = (poPa)p  = (p lP2)q  = (poP2)2 = 1. (1 )  
For ordinary regular polyhedra the relations (1) suffice for a presentation 
of S(Me), but for regular skew polyhedra n extra relation like 
(pOPlP2Pl) r= 1 (2) 
is needed. Here, r is the number of vertices of a regular polygon, called a 
hole of ~' ,  which may be described as a path along edges of Me such that it 
leaves, at each vertex, exactly two 2-faces of M e on, say, the right. It is a 
remarkable fact that the holes of a regular polyhedron are plane polygons. 
The polyhedron is determined by p, q, and r and is denoted by {p, qlr}. 
Note that the polyhedra {p, qlr} and {q, p]r} are duals: the vertices of 
each are the centers of the 2-faces of the other. 
For a regular polyhedron Me = {p, qlr} the symmetry p := PoP1 cyclicly 
permutes the p vertices of a 2-face of Me, while or := PaP2 cyclicly 
permutes the q 2-faces which meet at a vertex of this 2-face. If  Me is a 
skew polyhedron, then p and q are even, because p and tr are rotatory 
reflexions. In this case we write p = 2l and q = 2m. Each regular skew 
polyhedron Me decomposes E into two congruent parts, one of which we 
call the interior i(Me) and the other the exterior e(Me) of Me. (For our 
purpose it is not important which part we make the interior and which 
part the exterior.) In particular, E = i(Me) U e(Me), Me = i(Me) C~ e(Me), 
and i(Me) and e(Me) are interchanged by both p and tr. 
Let Me--{21,2m[r} be a regular skew polyhedron in E. If the r-gonal 
holes of Me are considered as a 2-face, we have a honeycomb Y(Me) in E 
with two types of 3-faces, regular polyhedra (or tessellations) {r, m} and 
vertex-truncations t{l, r} of regular polyhedra (or tessellations) {l, r}, with 
2 of the former and 2m of the latter at each vertex of X-~'(Me). The 
vertex-figure at each vertex of 2",¢~(Me) is an antiprism whose lateral edges 
form a skew 2m-gon, the vertex-figure of Me. The 3-faces t{l, r} are derived 
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f rom {l, r} by cutt ing off  the vert ices (so that  on each old edge there  are 
two new vert ices).  
F rom now on we shall restr ict  our  at tent ion to the case where  both  
{r, m} and {l, r} are finite po lyhedra  in E; that  is, we assume 
( l -  2) ( r -  2) <4, (m-  2)(r -  2) <4. (3) 
In part icu lar  this impl ies that  Y( , / /S)  is in fact a (locally finite face-to- face)  
ti l ing of E with (finite) ti les {r, m} and t{l, r}. See Tab le  I for  a list of  the 
regular  skew po lyhedra  ~/  which satisfy (3). Note  that  these locally 
f in i teness assumpt ions  are a restr ict ion only in the hyperbol ic  case. 
Let  ~= {21,2mlr} such that  (3) holds. We can employ  Wythof f 's  
construct ion  (cf. [3]) to obta in  a more  precise p icture of X (~/ ) .  The  
symmetry  group  S(~e') of  ~ is a semi-d i rect  p roduct  W ix C 2 of the 
TABLE I. 
Regular Skew Polyhedra Satisfying (3) 
Tiles in the honeycomb H(~f)  Order of S(~") 




{4, 4Jr} {r, 2} t{2, r} 
{4, 6[3} {3, 3} t{2, 3) 
{6, 413} {3, 2} t{3, 3} 
{4, 8 t3} {3, 4} t{2, 3} 
{8,413} {3, 2} t{4, 3} 
{4, 614} {4, 3} t{2, 4} 
{6, 414} {4, 2} t{3, 4} 
iS, 613} {3, 3} t{3, 3} 
{4, 615} {5, 3} t{2, 5} 
{6, 4[5} {5, 2} t{3, 5} 
{4, 1013} {3, 5} t{2, 3} 
{10, 413} {3, 2} t{5, 3} 
{6, 8[3} {3, 4} t{3, 3} 
{8, 613} {3, 3} t{4, 3} 
{6, 1013} {3, 5} t{3, 3} 
{10, 613} {3, 3} t{5, 3} 
{8, 813} {3, 4} t{4, 3} 
{6, 6[4} {4, 3} t{3, 4} 
{8, 1013} {3, 5} t{4, 3} 
{10, 813} {3, 4} t{5, 3} 
{10, 1013} {3, 5} t{5, 3} 
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Coxeter group W = (o-1,..., 0-4) with diagram 
lo  r o2 
l m ?~-  (4) 
4 • r •3  
by the group of order 2 (represented by r). More precisely, if S(~/) = 
(P0, Pl, P2) = W ~< (~-) then P0 = °1, Pl = ~, and P2 = 0"3 ([2], or [15, 
p. 49]). The group W is a (spherical, euclidean or hyperbolic) reflexion 
group in E whose generator ~ is the reflexion in the wall of the 
fundamental tetrahedron (chamber) C opposite to its vertex v i (i = 
1, 2, 3, 4). The transforms of C under W are the chambers in the chamber  
complex (Coxeter complex) ~(W)  of W in E [18]. In ~(W)  each vertex is 
the image under W of precisely one vertex v i of C and thus can be 
labelled with the corresponding suffix i. In particular, in each chamber the 
labels 1, 2, 3, 4 occur as the labels of the four vertices. Note that geometri- 
cally Pl = ~" can be realized by the rotation through ~- about the line 
which passes through the midpoints of the opposite edges u1u 4 and vzv 3 of 
C; this operation is a symmetry of C. 




m - -~- -  ~- (5) 
• e 3 
That is, ~-~(~) is derived from W by Wythoff's construction with initial 
vertex the midpoint x of the edge vlv 4 of C. (This choice of initial vertex is 
indicated in the diagram (5) by ringing the nodes 1 and 4.) The vertices of 
~" (~ ' )  are the transforms of x under W, and the tiles of ~(~' )  are 
regular polyhedra (r, m}, one for each vertex of ~(W)  with label 1 or 4, or 
truncations t{l, r}, one for each vertex of ~(W)  with label 2 or 3. In 
particular, each vertex of ~(W)  is the center of the corresponding tile of 
Z'~(/Y'), so that we can label each tile of Z-~(~ ") with the label of its center. 
Moreover, the vertices, edges, 2l-gonal 2-faces and r-gonal 2-faces of 
~(~' )  are the vertices, edges, 2-faces and holes of 1,', respectively. 
As an example consider the (Petrie-Coxeter) polyhedron ~ = {6, 613} 
in euclidean 3-space E3; then l = m = r = 3. The fundamental chamber 
C of W can be found by fitting together 4 copies of the fundamental 
chamber C for the cubical tessellation {4, 3, 4} in E 3. More precisely, if/3 i
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FIG. 1. 
denotes the reflexion in the wall of (~ opposite to the vertex 0 s of C which 
is the center of an /-face of {4, 3, 4} (i = 0, 1, 2, 3), then 130, t31,132, t53 
generate the symmetry group of {4, 3,4} and C is the union of the four 
copies q~((~) with ~ ~ (t30, t33); in particular, u 1 := 00, u 2 := 03(03), v 3 := 
p0(00), and v 4 := 03. The tiles of Z(~#') are now regular tetrahedra {3, 3} 
and vertex-truncated tetrahedra t{3, 3}. See Fig. 1. 
There are two particularly interesting special cases, l = 2 or m = 2. Let 
l = 2, so that /Le'= {4,2mIr}. Then ~e" can be constructed from the 
self-dual regular 4-polytope or tessellation {r, m, r} (with group W) by 
uniformly shrinking all the facets {r, m} of {r, m, r}, inserting r-gonal 
prisms with square faces between (formerly) adjacent pairs of them, and 
then taking as 2-faces of ~e" the square faces of all these r-gonal prisms. 
Note that all symmetries of {r, m, r} are preserved for J "  but give only one 
half of the symmetries of {r, rn, r}; the other half corresponds to the 
self-dualities of {r, m, r} [17]. The tiles of the corresponding honeycomb 
Yd(~#) are now polyhedra {r, m} and r-gonal prisms t{2, r}. As interior 
i(//l) we can take the union of both, the shrunk facets {r, m} of {r, m, r} 
and the inserted prisms t{2, r}. Its "complement" e(Je') in E is related in 
a similar way to the dual of {r, m, r} (whose vertex set is the set of facet 
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centers of {r,m, r}). Note that Y (~/ )  is what Coxeter [2] calls the 
"expanded" {r, m, r}, denoted by e{r, m, r}. 
Let m = 2, so that ~ '= {2/,4[r}. Now /de" is constructed from the 
self-dual {r, l, r} by inscribing into each facet {r, l} of {r, l, r} a copy of 
t{1, r} in such a way that the copies in adjacent facets match along r-gonal 
2-faces. Then the 2-faces of 1 /  are the 2l-gonal 2-faces of t{l, r}; the 
r-gonal 2-faces of t{l, r} are not faces of ~' .  Again the symmetry group W 
of {r, l, t:} accounts for only half the symmetries of/d/, while the other half 
corresponds to dualities of {r, l, r}. Now there is only one kind of (proper) 
tile in Yd'(/de'), namely t{l, r}, and 4 of such tiles meet at each vertex of 
Z(~e') .  The other 3-faces {r, m} = {r, 2} degenerate to flat dihedra with 
two r-gonal 2-faces; these "tiles" correspond to the holes of ~' .  For i(~-g') 
we can take the union of all the copies of t{l, r} inscribed into facets of 
{r, l, r}. 
4. TILINGS BY TOROIDS 
Let ~ = {21,2m]r} be a regular skew polyhedron in E with l, m and r 
as in (3). In this section we construct from /d" a polyhedral tiling Y of E 
by toroids whose toroidal tiles are determined by the holes of /Z¢. The 
symmetry group S(.Y-) of J -  coincides with S(~e') and acts transitively on 
the tiles of 3-. The tiling g-  is obtained by decomposing the congruent 
parts i(///) and e(/d') separately into toroids. 
Let W, g~(W), and •(.¢e') be as in Section 3. For the interior i(/d ~) we 
take the union of all tiles {r, m} and t{l, r} of Y(/Ze') (whose centers are 
vertices of g~(W)) with labels 1 or 2, respectively. Then e (~)  is the union 
of all tiles {r, m} and t{l, r} of Yf(./Ze') with labels 4 or 3, respectively. For 
each chamber C in ~(W)  we define C i := C ¢~ i ( l )  and C e := C • e(/Ze'); 
then the vertices of C with label 1 or 2 belong to C i and those with label 3 
or 4 to C e. 
First we decompose i (~) .  Let F 4 be a tile {r, m} of ~(/Zg) with label 4. 
Then F 4 c e (~ ' )  and each 2-face G of F 4 is a hole of ~e" whose stabilizer 
W c in W is a subgroup D r of W conjugate in W to (o- 1, o-2). Let F 3 be the 
tile t{l, r} in e(a¢') of label 3 which meets F 4 in G. Further, let F 1 be a tile 
{r, m} in i (~)  with label 1 which shares a vertex with G, and let F 2 be a 
tile t{l, r} in i(.g ¢) with label 2 which contains this vertex and meets F 3 in 
a 2/-gonal 2-face. Then the centers of the tiles Fi are the vertices with 
label i of a chamber C of g~(W) (i = 1, 2, 3, 4). Define G := U ~ ~ wcqffC). 
Then G is the star in ~(W)  of the edge of ~(W)  whose ends are the 
centers of F 3 and F 4. Also, unless m = 2 the hole G is the only hole of ~t" 
contained in G. (If m = 2 the two 2-faces of the dihedra {r, 2} give two 
"distinct" holes.) In a sense, G is the part of ~'(W) accounted for by G. 
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Now define the toroidal tile T c by T c := G n i(Jd), so that 
U U 
~w~ ~wG 
Then G becomes the "hole" of TG, and T6 is the part of i(//t) accounted 
for by G. By construction T G has symmetry group W G. 
To give a more geometric description of the tiles T G let G, F 3, and F a 
be as above. Let x l , . . . ,  x r be the vertices of G, labelled in a cyclic order. 
For i = 1 , . . . ,  r, let G i be the 2-face of F 3 sharing the edge xixi+ 1 with 
G, and let H i be the tile t{I, r} of i ( J / )  meeting F 3 in G i (indices are 
taken modulo r). For i = 1 , . . . ,  r let K i be the tile {r, m} of i(~#) which 
meets F 4 in x i. Then T G is a polyhedral toroid with the following vertices: 
x~, . . . ,  xr; the centers of G 1 , . . . ,G  r, H1 , . . . ,  H~, K1 , . . . ,  K~; and the mid- 
points of the edges G i_1 N G i ( i  = 1 . . . .  , r ) .  Altogether this gives 5r 
vertices, and 3r 2-faces of which 2r are convex pentagons (of two different 
kinds) and r are non-convex plane hexagons. Figure 2 illustrates the 
euclidean case ~/= (6, 613}. Note that the segment joining the midpoint 
of G i_1 N G i to the center of K i is not an edge of T G but a diagonal of a 
hexagonal 2-face of T G. As we shall see later, it can occur that adjacent 
pentagonal 2-faces of T G are coplanar. In such a situation we still keep the 
separating "edges" as edges (false edges) for T G in order to avoid 
non-simply-connected 2-faces. 
The above construction gives a tiling of i(// l) by toroids. In a similar 
way we can also decompose (~) ,  now starting with a 2-face G of a tile 
FIG. 2. 
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{r, m} in i (~)  with label 1. The stabilizer of the corresponding hole of 
is now conjugate in W to (%,  ~r4}. The toroidal tiles T c are now defined 
as the intersection of e(//{) with the star in ~(W)  of the edge of ~(W)  
whose ends are the centers of the two tiles of Y (~/ )  that meet in G. By 
construction both parts i(~/) and e(/Z/) are now tiled by toroids To, so 
that we have a tiling Y= Y(21,2mlr )  of E by two classes of toroids, 
those contained in i(/Y') and those contained in e(.//). Note that two tiles 
in the same class are never interlocked, while toroids Tc~ and To2 in 
distinct classes are interlocked if and only if the holes G 1 and G 2 of 
share exactly one vertex. 
Next we find the symmetry group S(3-) of 3-. Like all Coxeter groups 
the subgroup W of S(~/)  is (isomorphic to) the group of all label 
preserving (type preserving) automorphisms of the corresponding chamber 
complex ~(W).  It follows that W preserves both i (~' )  and e(~/). On the 
other hand, as W is of index 2 in S(//Z) and S(/Z~') is transitive on the 
holes of ./Z, the group W must be transitive on each of the two classes of 
holes of //f, those given by the 2-faces of tiles {r, m} in i (~/)  and those 
given by the 2-faces of tiles {r,m} in e(.df). Therefore W must be 
transitive on each of the two classes of toroidal tiles To, those contained in 
i (~' )  and those contained in e(~').  Furthermore, the elements p and o- of 
S(~' )  of Section 3 interchange i(~/)  and e(///) and act on ~(W)  as 
automorphisms interchanging the types 1 and 4 as well as 2 and 3. In 
particular, they interchange the two classes of holes of .~" and thus the two 
classes of tiles in 3-. It follows that S (Z)  c S ( J )  and that S(/~') acts 
transitively on the tiles of 3-. Finally, to prove S( J )  c S(~' )  we note that 
any symmetry q~ of Y must necessarily preserve the two kinds of pentago- 
nal 2-faces of the tiles. But the union of all those pentagonal 2-faces which 
lie in 2-faces of ~/ i s  ~/itself ,  so that 9 necessarily maps ~/onto  itself; 
that is, q~ ~ S(~').  We summarize our results in the following theorem. 
THEOaEM 1. Let ~" = {2l, 2m I r} be a regular skew polyhedron in E = 
S 3, E 3 or H 3, with symmetry group S(~)= W • C 2, the semi-direct 
product of the Coxeter group Wof  (4) by C 2. Assume that (l - 2)(r - 2) < 4 
and (m - 2)(r - 2) < 4. Then there exists a tiling 3 -= J (21 ,2ml r )  o re  
by polyhedral toroids with the following properties: 
(a) The tiles in Y are in one-to-one correspondence with the holes of ~t'. 
(b) The symmetry group S(Y )  of J -  coincides with S(/e') and acts 
transitively on the tiles in 3-. Each tile in Y has symmetry group D~, and 
this is the stabilizer of the tile in S( J-). 
(c) Each tile has 5r vertices, 8r edges, and 3r 2-faces; of the 2-faces, 
2r are convex pentagons (of two different kinds) and r are non-convex 
hexagons. 
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FIG. 3. 
For ~//= {4, 2m ]r} the tiles in £¢~(de') are polyhedra {r, m} and r-gonal 
prisms t{2, r}. The holes of ~" are determined by the edges of the related 
{r, m, r} and its dual. Here the vertices of the tiles lie in two planes. In the 
above notation, these are the plane of G and the plane parallel to G 
through the center of F3; the latter cuts F 3 into two halfs and the 
reflexion in this plane is a symmetry of ~' .  Now the pentagonal 2-faces of 
T a which lie in G1 , . . . ,  G r degenerate to squares with an extra vertex on 
one side, and the r hexagonal 2-faces are all coplanar. Figure 3 shows the 
tile for the spherical ~" = {4, 613}. 
For/Z¢" = {2l, 4Jr} the tiles of H(~e')  are flat dihedra {r, 2} and trunca- 
tions t{l,  r}. Again the holes of /# are determined by the edges of the 
related {r, I, r} and its dual; that is, by the dihedra in ~(~' ) .  In particular, 
the reflexion in the plane of a hole o f /#  is a symmetry of J#. See Fig. 4 
for the euclidean case ~= {6,414}. Now the plane of G contains 3r 
vertices of the 5r vertices of T c, namely x~ . . . . .  x r and the centers of 
H~, . . . ,H~ and K~, . . . ,K r ;  the remaining vertices, the centers of 
G1, . . . ,  G r and the midpoints of the edges G i_ 1 ('1 Gi (i = 1 , . . . ,  r), lie in 
two planes parallel to this plane. The hexagonal 2-faces of T c degenerate 
to non-convex pentagons with an extra vertex on one side. Also, the 
pentagonal 2-faces of T~ which do not lie in G~ . . . . .  G r are all coplanar 
and lie in the plane of G. 
In general the tilings of Theorem 1 will not be face-to-face. While for 
m =g 2 the tiles in the same class (tiling i ( t , ' )  or e (~) ,  respectively) fit 
together in a face-to-face manner, this no longer remains true for tiles in 
distinct classes. For example, if ~" = {6, 4[4}, and if G 1 and G 2 are holes 
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FIG, 4. 
of ~" which are in distinct classes and intersect in one vertex (that is, G 1 
and G 2 correspond to an incident pair of an edge and a 2-face of the 
related tessellation {4, 3, 4}), then T6~ and TG~ intersect in sets which 
consist of halves of pentagonal 2-faces of each tile. 
5. TILINGS WITH TILES OF HIGHER GENUS 
We keep the notation of Section 4. The tilings 3- of Theorem 1 
associated with ,~" = {2l, 2mlr} can also be used to construct polyhedral 
tilings with tiles of higher genus. These new tilings are found by fitting 
together the toroids of 3- in blocks, either one for each tile {r, rn} of 
Z( Je ' ) ,  or one for each tile t{l, r} of X(~) .  This gives two distinct ilings. 
By v(p, q) and f(p,  q) we denote the number of vertices or 2-faces of 
{p, q}, respectively. 
In the first case, if F is a tile {r, m} of Y (~ ' )  with 2-faces G1,... ,  Gf(r, m), 
then T F := T% U""  U Tas(r.m ~ is a polyhedral handlebody of genus 
f(r, m) - 1 with symmetry group the symmetry group [r, m] of {r, m}. 
These handlebodies TF give a tiling 3-1 := J1(21,2ml r) of E with two 
classes of tiles, those contained in i (~' )  and tiling i(fe'), and those 
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contained in e(~/) and tiling e(f f) ;  these two classes correspond to the 
two classes of tiles {r, m} of • ( /#) ,  those contained in e(A') and those 
contained in i(•), respectively. Again, S(J-1) = S(~#) because any sym- 
metry of 57-1 must preserve the class of pentagonal 2-faces of tiles which 
lie in 2-faces of ~#. Also, S ( J I )  is tile-transitive because S(A') is transitive 
on the tiles {r, m} of W(/#).  
In the second case, if F is a tile t{l, r} of Z (~)  with v(l, r) r-gonal 
2-faces Gv . . . ,  G~.(t r), then T F :=  Ta~ 0 • • • U rG,.(i.r) is a polyhedral han- 
dlebody of genus v(l, r ) -  1 with symmetry group [l, r]. As above we 
obtain a tiling 3- 2 := Y2(21,2m[r) of E with two classes of tiles. Again, 
S(g- 2) = S(/#) and S(~ 2) acts transitively on the tiles. Note that now the 
2l-gonal 2-faces of t{l, r} become 2-faces of TF; they are the union of l 
pentagonal 2-faces of the toroids TGi. 
THEOREM 2. Let /g'= {21,2mlr} be a regular skew polyhedron in 
E = S 3, E 3 or H 3, with symmetry group S(1/ )  = W N C 2. Assume that 
(l - 2)(r - 2) < 4 and (m - 2)(r - 2) < 4. Then there exist tilings 3-1 = 
3-1(2 l, 2 m I r) and 3-2 = 3-2( 21, 2 m ]r) of E by polyhedral handlebodies with 
the following properties. 
(a) The tiles of 3-1 are of genus f(r ,  m) - 1 and are in one-to-one 
correspondence with the tiles {r, m} in Z(/d~), and the tiles of J-2 are of 
genus v(l, r) - 1 and are in one-to-one correspondence with the tiles t{l, r} 
of ~(~). 
(b) S(3-1) = S( /#)= S(57-2), and this group acts transitively on the 
tiles of 57- I and on the tiles of 3- 2, respectively. Each tile in J1  has symmetry 
group Jr, m ], and each tile in 3-2 has symmetry group [l, r]; in both cases, 
this is the stabilizer of the tile in the symmetry group of the tiling. 
(c) The tiles in 3-1 have (m + 3)v(r, m) + (r + 1)f(r, m) - 2 ver- 
tices, (m + 3)v(r, m) + (3r + 3)f(r, m) - 6 edges and 2rf(r, m) 2-faces; 
of the 2-faces, rf(r, m) are congruent convex pentagons and rf(r, m) are 
congruent non-convex hexagons. The tiles in J2  have (r + 1)v(l, r )+  
2f(l,  r) - 2 vertices, (r + 3)v(l, r) + (l + 3)f(l, r) - 6 edges and (l + 
1)f(l, r) 2-faces; of the 2-faces, f( l ,  r) are convex regular 2l-gons and 
lf(l, r) are congruent convex pentagons. 
Consider the tiling ~Y'1, with tiles T F corresponding to tiles F of ~-/(~/) 
of type {r, m}. If/Y" = {2l, 4Jr}, then F is a dihedron {r, 2} and T F is again 
a toroid. In particular, the plane of the hole of J{ which defines F is a 
reflexion plane for T F. Further, T F has 7r vertices, l l r  edges and 4r 
2-faces; there are only two kinds of 2-faces, namely 2r convex pentagons 
and 2r non-convex hexagons. As an example, for the euclidean /# = 
{6, 414} the tile T F is the union of the tile in Figure 4 and its reflexion 
image in the plane of the square hole. 
450 EGON SCHULTE 
Similarly, if/Y" = {4, 2mlr} each tile T F in Y2 corresponds to an r-gonal 
prism F = t{2, r} of dK(~') and is the union of the two toroidal tiles of 
J-(4, 2mlr )  which correspond to the two bases of F. In particular, T F is 
again a toroid and is symmetrical with respect o the hyperplane which 
bisects F and is parallel to a base of F. Now the tiles of 3-2 have 4r 
vertices, 7r edges and 3r 2-faces; of the 2-faces, r are squares and 2r are 
quadrangles with one extra vertex on one side. 
There are many ways in which the construction of Theorem 2 can be 
modified to give tilings with tiles of other genera. 
For example, the tiles T F of 3-j and J2  can be decomposed into tiles of 
lower genus in such a way that many symmetries of ~ are preserved for 
the tiling. To give an example, if dz" = {6, 613} then each tile T F of Yl  (of 
genus 3) splits into two tiles of genus 2 which correspond to a pair of 
opposite edges of F = {3, 3}. With some care, this construction gives a 
tile-transitive tiling of E s with tiles of genus 2. 
In the euclidean case ~" = {6, 4t4} we can also use translational symme- 
tries o f / /{  to construct further tilings of E 3. Some of these constructions 
are analogues to those in [7] (which are related to the dual {4, 614}). For 
example, we can find a basic toroidal tile by fitting together 4 tiles t{3, 4} of 
y (~e ' )  along square faces, so that the new tile bends around an edge of 
the related {4, 3, 4}. We can now tile both i(.de') and e(~g/) with translates 
of this basic tile to obtain a tiling in E 3. Similarly, we can construct tilings 
with tiles of genus g by fitting together 2g + 2 copies of t{3, 4} in pairs 
along a line to find a basic tile T, and then tiling i (~/)  and e(~/d) by 
translates of T. This gives again a tile-transitive tiling; in fact, the transla- 
tion subgroup of the symmetry group is already tile-transitive. In these 
tilings, no two tiles are interlocked. However, interlocking can be achieved 
by first tiling i(JZ/) by translates of T, and then tiling e (~)  by translates of 
the tile obtained from T through a rotation by 7r/2 about the "axis" of T 
(or through a suitable rotation of the axis). 
There are still further possibilities for the regular skew polyhedra /d" 
related to selfdual polytopes or tessellations in E. 
Let ~ '= {4,2mlr} and 9 = {r, m, r}. (As before, if/Z/) is the union of 
both, the shrunk facets {r, m} of ~ and the inserted r-gonal prisms t{2, r}, 
and e(J/{) is the complement of i(Z¢') in E.) For a facet K of ~ define 
T K ;= K c~ e(~') ,and for a facet L of the dual ~*  of ~ (whose vertices 
are the centers of the facets of ~)  define T c ;= L c3 i(~').  Then, the TK's 
and the Tc's are congruent polyhedral handlebodies and are the tiles of a 
tiling Y3 of E. Each tile is a tubular neighborhood of a Platonic solid 
{r, m} and is of genus f ( r ,  m)-  1. For example, for the hyperbolic 
tessellation ~.~ = {5,3,5} the construction gives a polyhedral tiling of 
hyperbolic space H 3 with tiles of genus 11, each a tubular neighborhood 
of a dodecahedron. In the general situation, note that to avoid non- 
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simply-connected 2-faces, the boundary of each tile has to be further 
subdivided. Furthermore, S ( J  3) = S(~/)  and S( J  3) is transitive on the 
tiles, with the subgroup S(g)  of S( /#) preserving the two classes of tiles 
TK and T L. We remark that some of the tiles have occurred in a different 
context in [19]. 
In a similar way we can find tilings 3-4 from /4" = {2l, 4lr} and ~ = 
{r, I, r}. (As before, i ( /~) is the union of all the copies of t{l, r} inscribed 
into the facets {r, I} of ~ ,  and e(//f) is its complement in E.) For each 
facet K of 9 the tile is again defined by T K := K c3 e(~¢'), while for each 
facet L of ~*  we can take the tile T L := L C~ i (~) .  Then the TK's and 
TL's are congruent handlebodies which are the tiles in a tile-transitive 
tiling J4  of E with S(Y4) = S(/~e'). As a set, each tile is the complement 
of a tile t{l, r} of •(/ /{)  in a facet {r, l} of 9 or 9* ;  again, it is a tubular 
neighborhood of {r, l} and is of genus f(r ,  l) - 1. 
6. FURTHER CONSTRUCTIONS AND OPEN PROBLEMS 
The construction of the tilings in Sections 4 and 5 related to the 
polyhedra {4,2mlr} or their duals {21,4lr} is the most interesting special 
case of the following general construction for (topological) tilings by 
handlebodies. 
Let 9 be any face-to-face tiling of R 3 (or S 3) by topological 3-poly- 
topes. Now copy the construction of {4, 2m It) from {r, m, r); that is, shrink 
the facets of ~ and insert (topological) r-gonal prisms with square faces 
between (formerly) adjacent pairs of them. The set of all square faces gives 
a map //f on a non-compact (or compact, respectively) closed surface in 
R 3 (or S 3, respectively) together with a tubular neighbourhood i(~/) of the 
l:skeleton of the (topologically) dual tiling 9"  of ~ .  The surface also 
bounds the "exterior" e( fd)  of//¢', which is related to the dual ~*  in the 
same way as i(~¢') is related to ~.  (Note that a more detailed description 
of ~e" could be given in terms of the barycentric subdivision, or chamber 
complex, of ~. )  Then the construction of the tilings 3-, 3-1, -Y-2, :U3, and 
Y4 carries over, except hat now the tiles will not be polyhedral in general 
and there will be two (isomorphism) classes of tiles, those defined by P 
and those defined by ~* .  If ~ is self-dual, then there is only one class of 
tiles. Note that even convexity of the tiles in ~ is generally not sufficient 
for the above construction to be realizable in such a way that all new tiles 
become polyhedral. Furthermore, each (combinatorial) automorphism or 
duality of ~ induces an automorphism of the new tiling. 
There is also a topological analogue of the tilings for {2/, 4lr}. Let 9 
be as above. For a topological 3-polytope Q we write tQ for the vertex- 
truncation of Q, the analogue of the polytopes t{p, q}; that is, tQ is 
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obtained by cutting off the vertices of Q, so that there are two new vertices 
on each old edge. Now, starting from 9 inscribe into each tile Q of ~ a 
copy of tQ* in such a way that for adjacent tiles of 9 the two copies 
match; here Q* is the (topological) dual of Q. The set of all those 2-faces 
of the polytopes tQ* which do not lie in 2-faces of ~ gives the set of 
2-faces of a map ~e" on a surface, the analogue of {2/,4[r}. For i(Ze') we 
can take the union of all polytopes tQ*, and for e(fe') the closure of the 
complement of i (~)  in R 3 (or S 3, respectively). Again the constructions 
of Sections 4 and 5 carry over and give topological tilings of R 3 (or S 3) by 
handlebodies. 
Concluding we remark on some open problems. One of the most 
challenging problems in tiling theory is the classification of all d-polytopes 
of which congruent copies tile euclidean d-space. For d = 3 this (essen- 
tially) asks for the classification of all space-fillers of genus 0. This problem 
is still unsolved and is likely to remain open for a while. It is not even 
known if there is an upper bound on the number of 2-faces of such 
space-fillers. There are examples of 38-faced space-fillers [10], and it is 
also known that the number of 2-faces for the tiles in a tile-transitive 
face-to-face tiling is at most 390 [8]. For a discussion of this and related 
problems ee [16]. 
Now, allowing more fancy types of tiles we can ask for the classification 
of space-fillers of genus g > 1, or at least for an upper bound in terms of 
g for the number of 2-faces of face-to-face space-fillers. Even though this 
seems to replace an already hard enough problem by an even more 
difficult one, it is not at all clear that this is in fact so. (After all, the higher 
genus analogue of the Four-Color-Theorem, the Heawood-Map-Color- 
Theorem, was also proved considerably earlier than the Four-Color- 
Theorem itself.) In fact, it could very well be true that the strong 
requirement on the topological type of the tiles makes the problems easier 
to solve. 
Another direction of research is the classification of tilings with non- 
spherical tiles by transitivity properties of their symmetry group. Here a 
similar remark applies. In this context it seems that the classification 
scheme by what are called Delone-Delaney-Dress  symbols gives the right 
approach to such problems [9]. 
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